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In this paper, we determine all sets A of integers such that, for any
integral-valued polynomial f (x) which has no ﬁxed divisor, for all
integers l 1 and n, there are inﬁnitely many integers m > l and a
choice of εi ∈ A such that n = εl f (l) + εl+1 f (l + 1) + · · · + εm f (m).
The earlier result shows that A = {−1,1} is such a set.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
In [1], Bleicher proved the following interesting result: for any given integer k  2, every integer
can be represented in the form
n = ε11k + ε22k + · · · + εttk, εi ∈ {−1,1}, i = 1,2, . . . , t.
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such that f (x) can be divided by d for all integers x. Yu [9] generalized the result to integral-valued
polynomials which have no ﬁxed divisor. That is,
Theorem. (See Yu [9].) For any integral-valued polynomial f (x) which has no ﬁxed divisor and all integers
l 1 and n, there are inﬁnitely many integers m > l and a choice of εi ∈ {−1,1} such that
n = εl f (l) + εl+1 f (l + 1) + · · · + εm f (m).
Boulanger and Chabert [2] considered the problem in the ring of algebraic integers O K of a cyclo-
tomic ﬁeld K . For related research, one may refer to [3–8].
In this paper we replace the set {−1,1} by any set A of integers, and consider the following
problem.
Problem 1.1. What are all the sets A = {a1,a2, . . .} of integers such that for any integral-valued poly-
nomial f (x) which has no ﬁxed divisor, and all integers l 1 and n, there are inﬁnitely many integers
m > l and a choice of εi ∈ A such that
n = εl f (l) + εl+1 f (l + 1) + · · · + εm f (m)?
For any set A = {a1,a2, . . .} of integers, let gcd(A) = gcd(a1,a2, . . .) and D(A) = gcd(a2 − a1,
a3 − a1, . . .). It is easy to see that D(A) does not depend on the order of a1,a2, . . . .
In order to answer Problem 1.1, it is a natural requirement that A contains both negative and
positive integers and gcd(A) = 1. For any integral-valued polynomial f (x), let r f be the least positive
integer such that r f f (x) is a polynomial with integral coeﬃcients. For any set A = {a1,a2, . . .} of
integers, any integral-valued polynomial f (x) and any integer l, let
Bl(A, f ) =
{
c
i∑
j=l
f ( j)
∣∣∣ i = l, l + 1, . . . , l + rd2 − 1
}
,
where r = r f , d = D(A) and c ≡ a1 (mod d) (0  c < d). Since ai ≡ a1 (mod d), Bl(A, f ) does not
depend on the choice of a1.
In this paper, the following results are proved.
Theorem 1.1. Let f (x) be an integral-valued polynomial which has no ﬁxed divisor, and let A = {a1,a2, . . .}
be a set of integers with a1a2 < 0 and gcd(A) = 1. Given any integer l 1. Then the following statements are
equivalent to each other:
(i) Bl(A, f ) contains a complete congruent system modulo D(A);
(ii) For any integer n, there exists an integer m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i);
(iii) For any integer n, there exist inﬁnitely many integers m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i).
F.-J. Chen, Y.-G. Chen / Journal of Number Theory 132 (2012) 2725–2735 2727Theorem 1.2. Let A = {a1,a2, . . .} be a set of integers. Then the following statements are equivalent to each
other:
(i) gcd(A) = 1, D(A) 2 and A contains both negative and positive integers;
(ii) For any integral-valued polynomial f (x) which has no ﬁxed divisor, and any integer n, there exists an
integer m > 1 and a choice of εi ∈ A with
n =
m∑
i=1
εi f (i);
(iii) For any integral-valued polynomial f (x) which has no ﬁxed divisor, all integers l  1 and n, there exist
inﬁnitely many integers m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i).
As an immediate consequence we obtain the following corollary.
Corollary 1.1. There is one and only one subset A with cardinality 2 which satisﬁes the equivalent assertions
of Theorem 1.2, namely A = {±1}.
From the proof of Theorem 1.1, we have
Proposition 1.1. Let f (x) be an integral-valued polynomial, let A = {a1,a2, . . .} be a set of integers with
a1a2 < 0, and let l 1 be an integer. Then, for every integer n, the following assertions are equivalent:
(1) there exists an integer m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i),
(2) there exist inﬁnitely many integers m > l such that, for a good choice of εi ∈ A, we have
n =
m∑
i=l
εi f (i).
2. Proofs
Lemma 2.1. Let f (x) be an integral-valued polynomial of degree h and a,b be two integers with ab < 0. Then,
for any 0 i  h, there exists a positive integer ti and a choice of εi, j, ηi, j ∈ {a,b} (1 j  ti) such that the
two polynomials
f i(x) =
ti∑
j=1
εi, j f (x+ j)
and
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ti∑
j=1
ηi, j f (x+ j)
have the same degree h − i and their highest coeﬃcients have opposite signs.
Proof. Without loss of generality, we may assume that f (x) is a polynomial with integral coeﬃcients,
otherwise we consider r f (x) for some nonzero integer r.
We use induction on i. For i = 0, let t0 = 1, f0(x) = af (x + 1) and g0(x) = bf (x + 1). Thus
Lemma 2.1 is true for i = 0. Suppose that Lemma 2.1 is true for i < h. Let
f i(x) =
h−i∑
k=0
ui,kx
k, gi(x) =
h−i∑
k=0
vi,kx
k.
By the induction hypothesis we have ui,h−i vi,h−i < 0. Without loss of generality, we may assume that
ui,h−i > 0 and vi,h−i < 0. Let t be a positive integer which will be determined later. Let
f i+1(x) =
−tvi,h−i−1∑
s=0
f i(x+ sti) +
t(ui,h−i−vi,h−i)−1∑
s=−tvi,h−i
gi(x+ sti) (2.1)
and
gi+1(x) =
tui,h−i−1∑
s=0
gi(x+ sti) +
t(ui,h−i−vi,h−i)−1∑
s=tui,h−i
f i(x+ sti). (2.2)
The coeﬃcient of xh−i in f i+1(x) is
ui,h−i(−tvi,h−i) + vi,h−itui,h−i = 0.
The coeﬃcient of xh−i in gi+1(x) is
vi,h−itui,h−i + ui,h−i(−tvi,h−i) = 0.
The coeﬃcient of xh−i−1 in f i+1(x) is
(h − i)ui,h−i
−tvi,h−i−1∑
s=0
sti + ui,h−i−1(−tvi,h−i)
+ (h − i)vi,h−i
t(ui,h−i−vi,h−i)−1∑
s=−tvi,h−i
sti + vi,h−i−1tui,h−i
= (h − i)tiui,h−i 12 (−tvi,h−i)(−tvi,h−i − 1) + ui,h−i−1(−tvi,h−i)
+ (h − i)ti vi,h−i 12 tui,h−i
(
t(ui,h−i − 2vi,h−i) − 1
)+ vi,h−i−1tui,h−i
= 1 (h − i)tiui,h−i vi,h−i(ui,h−i − vi,h−i)t2 + (vi,h−i−1ui,h−i − ui,h−i−1vi,h−i)t.2
F.-J. Chen, Y.-G. Chen / Journal of Number Theory 132 (2012) 2725–2735 2729By an analogous computation we obtain that the coeﬃcient of xh−i−1 in gi+1(x) is
−1
2
(h − i)tiui,h−i vi,h−i(ui,h−i − vi,h−i)t2 + (vi,h−i−1ui,h−i − ui,h−i−1vi,h−i)t.
Thus we may choose a large integer t such that the coeﬃcient of xh−i−1 in f i+1(x) is negative and
the coeﬃcient of xh−i−1 in gi+1(x) is positive.
On the other hand, by (2.1), (2.2) and the induction hypothesis, we have
f i+1(x) =
−tvi,h−i−1∑
s=0
ti∑
j=1
εi, j f (x+ sti + j) +
t(ui,h−i−vi,h−i)−1∑
s=−tvi,h−i
ti∑
j=1
ηi, j f (x+ sti + j)
and
gi+1(x) =
tui,h−i−1∑
s=0
ti∑
j=1
ηi, j f (x+ sti + j) +
t(ui,h−i−vi,h−i)−1∑
s=tui,h−i
ti∑
j=1
εi, j f (x+ sti + j).
Therefore, Lemma 2.1 is true for i + 1. This completes the proof of Lemma 2.1. 
Lemma 2.2. Let f (x) be an integral-valued polynomial and a,b,d be three integers with ab < 0 and d > 0.
Then there exist three positive integers s, t,M with d|M and a choice of εu, ηv ∈ {a,b} (1 u  s, 1 v  t)
such that
M =
s∑
j=1
ε j f (x+ j)
and
−M =
t∑
j=1
η j f (x+ j).
Proof. Let deg( f ) = h. By Lemma 2.1, there exists a positive integer th and a choice of εh, j, ηh, j ∈
{a,b} (1 j  th) such that two polynomials
fh(x) =
th∑
j=1
εh, j f (x+ j)
and
gh(x) =
th∑
j=1
ηh, j f (x+ j)
are both nonzero constants with opposite signs. We may assume that M1 = fh(x) > 0 and M2 =
−gh(x) > 0. Since f (x) is an integral-valued polynomial, we know that M1 and M2 are two positive
integers. Let M = dM1M2. Then
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dM2−1∑
k=0
th∑
j=1
εh, j f (x+ kth + j)
and
−M = −dM1M2 =
dM1−1∑
k=0
th∑
j=1
ηh, j f (x+ kth + j).
This completes the proof of Lemma 2.2. 
In order to prove Theorem 1.1, it is enough to prove the following theorem.
Theorem 2.1. Let f (x) be an integral-valued polynomial which has no ﬁxed divisor, and let A = {a1,a2, . . .} be
a set of integers with a1a2 < 0 and gcd(A) = 1. Given any integers l 1 and n. Then the following statements
are equivalent to each other:
(i) n ≡ b (mod D(A)) for some b ∈ Bl(A, f );
(ii) There exists an integer m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i);
(iii) There exist inﬁnitely many integers m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i).
Proof of Theorem 2.1. Write r = r f , d = D(A) and c ≡ a1 (mod d). We will prove that (iii) ⇒ (ii) ⇒
(i) ⇒ (iii).
It is clear that (iii) ⇒ (ii).
(ii) ⇒ (i):
Suppose that there is an integer m > l and a choice of εi ∈ A such that
n =
m∑
i=l
εi f (i).
Since d = D(A) = gcd(a2 − a1,a3 − a1, . . .), we have
n = a1
(
f (l) + f (l + 1) + · · · + f (m))+ (εl − a1) f (l) + · · · + (εm − a1) f (m)
≡ c( f (l) + f (l + 1) + · · · + f (m)) (mod d).
Let m ≡ s (mod rd2) with l s l + rd2 − 1. Write m = krd2 + s. Then
rn ≡ c
krd2+s∑
r f (i)
i=l
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i=l
r f (i) + c
s+krd2∑
i=s+1
r f (i)
≡ c
s∑
i=l
r f (i) + c
kd−1∑
j=0
rd∑
i=1
r f (s + rdj + i)
≡ c
s∑
i=l
r f (i) + c
kd−1∑
j=0
rd∑
i=1
r f (s + i)
≡ c
s∑
i=l
r f (i) + ckd
rd∑
i=1
r f (s + i)
≡ cr( f (l) + f (l + 1) + · · · + f (s)) (mod rd).
So
n ≡ c( f (l) + f (l + 1) + · · · + f (s)) (mod d)
and c( f (l) + f (l + 1) + · · · + f (s)) ∈ Bl(A, f ).
(i) ⇒ (iii):
Suppose that n ≡ b (mod d) for some b ∈ Bl(A, f ). Let M be as in Lemma 2.2. Write
S(l,k) =
{
k∑
j=l
ε j f ( j)
∣∣∣ ε j ∈ A
}
, k l
and
S¯(l,k) = {s¯: 0 s¯ M − 1, s¯ ≡ s (mod M), s ∈ S(l,k)}, k l.
Since
{
s + a1 f (k + 1): s ∈ S(l,k)
}⊆ S(l,k + 1), k = l, l + 1, . . . ,
we have
∣∣ S¯(l, l)∣∣ ∣∣ S¯(l, l + 1)∣∣ · · · M.
Thus there exist two positive integers k0 and t such that | S¯(l,k)| = t for all k k0. For k k0, let
S¯(l,k) = {s¯1, s¯2, . . . , s¯t}.
By | S¯(l,k)| = t = | S¯(l,k + 1)|, for i = 2,3, . . . , we have
(
ai f (k + 1) + s¯1
)+ (ai f (k + 1) + s¯2)+ · · · + (ai f (k + 1) + s¯t)
≡ (a1 f (k + 1) + s¯1)+ (a1 f (k + 1) + s¯2)+ · · · + (a1 f (k + 1) + s¯t) (mod M).
2732 F.-J. Chen, Y.-G. Chen / Journal of Number Theory 132 (2012) 2725–2735So
(ai − a1)t f (k + 1) ≡ 0 (mod M), i = 2,3, . . . .
Since d = D(A) = gcd(a2 − a1,a3 − a1, . . .), we have
dt f (k + 1) ≡ 0 (mod M).
As d|M , we have
t f (k + 1) ≡ 0
(
mod
M
d
)
, k k0. (2.3)
Let deg( f ) = h. By the Lagrange interpolation formula we know that for each integer w , f (w) is a
combination of f (k0 + 1), f (k0 + 2), . . . , f (k0 + h + 1) with integral coeﬃcients. Since f (x) has no
ﬁxed divisor except for −1 and 1, we have
gcd
(
f (k0 + 1), f (k0 + 2), . . . , f (k0 + h + 1)
)= 1. (2.4)
By (2.3) and (2.4) we have
t ≡ 0
(
mod
M
d
)
.
Since t  1, we have t  M/d. Noting that
k∑
j=l
ε j f ( j) = a1
k∑
j=l
f ( j) +
k∑
j=l
(ε j − a1) f ( j) ≡ a1
k∑
j=l
f ( j) (mod d),
we have s¯i ≡ s¯1 (mod d) for all 1 i  t . So | S¯(l,k)| = t  M/d. Hence t = Md . Let k be an integer such
that krd2 > k0. Since n ≡ b (mod d) with some b ∈ Bl(A, f ), write b = c∑uj=l f ( j), we have
rn −
u∑
j=l
a1r f
(
krd2 + j)≡ rn − rb ≡ 0 (mod rd).
So
n −
u∑
j=l
a1 f
(
krd2 + j)≡ 0 (mod d). (2.5)
Since
l+krd2−1∑
j=l
ε jr f ( j) = a1
l+krd2−1∑
j=l
r f ( j) +
l+krd2−1∑
j=l
(ε j − a1)r f ( j)
≡ a1
l+krd2−1∑
j=l
r f ( j)
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kd−1∑
j=0
rd−1∑
i=0
r f (l + rdj + i)
≡ a1
kd−1∑
j=0
rd−1∑
i=0
r f (l + i)
≡ a1kd
rd−1∑
i=0
r f (l + i) ≡ 0 (mod rd),
we have
l+krd2−1∑
j=l
ε j f ( j) ≡ 0 (mod d). (2.6)
Noting that
∣∣ S¯(l, l + krd2 − 1)∣∣= t = M
d
,
by (2.6) we have
S¯
(
l, l + krd2 − 1)= {0,d,2d, . . . ,(M
d
− 1
)
d
}
. (2.7)
By (2.5) and (2.7), there exists an integer s ∈ S(l, l + krd2 − 1) such that
s ≡ n −
u∑
j=l
a1 f
(
krd2 + j) (mod M).
Let
s =
l+krd2−1∑
j=l
ε j f ( j), ε j ∈ A, l j  l + krd2 − 1.
Therefore
n −
l+krd2−1∑
j=l
ε j f ( j) −
u∑
j=l
a1 f
(
krd2 + j)≡ 0 (mod M). (2.8)
By (2.8) and Lemma 2.2 there exists an integer m krd2 + u and a choice of ε j ∈ A such that
n =
m∑
j=l
ε j f ( j).
Since k can take inﬁnitely many values, (iii) follows.
This completes the proof of Theorem 2.1. 
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It is clear that (iii) ⇒ (ii).
(ii) ⇒ (i):
By taking f (x) = x and n = ±1 we know that gcd(A) = 1 and A contains both negative and positive
integers.
By Theorem 2.1, for any integral-valued polynomial f (x) which has no ﬁxed divisor, we have
B1(A, f ) =
{
c
i∑
j=1
f ( j)
∣∣∣ i = 1,2, . . . , r f (D(A))2
}
contains a complete congruent system modulo D(A).
Suppose that D(A) 3.
Case 1: D(A) has an odd prime factor p. Let f (x) = xk with p − 1  k (for simplicity, one may take
f (x) = x). By
1k + 2k + · · · + (p − 1)k ≡ 0 (mod p),
we know that
B1(A, f ) =
{
c
i∑
j=1
jk
∣∣∣ i = 1,2, . . . , (D(A))2
}
does not contain a complete congruent system modulo p. Hence, B1(A, f ) does not contain a com-
plete congruent system modulo D(A). This is a contradiction.
Case 2: D(A) = 2α , α  2. Let f (x) = x3. By
13 + 23 + 33 ≡ 0 (mod 4),
we know that
B1(A, f ) =
{
c
i∑
j=1
j3
∣∣∣ i = 1,2, . . . , (D(A))2
}
does not contain a complete congruent system modulo 4. Hence, B1(A, f ) does not contain a com-
plete congruent system modulo D(A). This is a contradiction.
Therefore D(A) = 1,2.
(i) ⇒ (iii):
By Theorem 2.1, it is enough to prove that for D(A) = 1,2 and any integer l  1, the set Bl(A, f )
contains a complete congruent system modulo D(A). It is true for D(A) = 1. Now we assume that
D(A) = 2. Then by (a1, D(A)) = gcd(A) = 1 we have 2  a1. Hence 2  c. Since f (x) has no ﬁxed divisor,
there exists an integer k such that f (k) is odd. Let k − l = 2rq + i, where q, i are two integers with
1 i  2r, and r = r f . Thus
r f (k) = r f (2rq + l + i) ≡ r f (l + i) (mod 2r).
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c
l+i−1∑
j=l
f ( j) ≡ c
l+i∑
j=l
f ( j) (mod 2).
Hence the set Bl(A, f ) contains a complete congruent system modulo D(A) = 2.
This completes the proof of Theorem 1.2. 
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